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\ Quantum systems with adiabatic classical parameters are widely studied, e.g., in the modern 
Q \ holonomic quantum computation. We here provide complete geomètric quantization of a 
Q\ \ Hamiltonian system with time-dependent parameters, without the adiabatic assumption. 

A Hamiltonian of such a system is afhne in the temporal derivative of parameter functions. 
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This leads to the geomètric Berry factor phenomena. 
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I. INTRODUCTION 



At present, quantum systems with classical parameters attract special attention in con- 
nection with holonomic quantum computation. 1-3 This approach to quantum computing is 
based on the generalization of Berry's adiabatic phase to the nonabelian case correspond- 
ing to adiabatically driving an n-fold degenerate eigen-state of a Hamiltonian over the 
parameter manifold. 4 In the framework of the holonomic quantum computation scheme, 
information is encoded in this degenerate state, while the parameter manifold plays the 



role of a control parameter space. The key point of this scheme is that the parallel trans- 
port along the curves in the parameter space is assumed to be adiabatic with respect to a 
dynamic Hamiltonian. 

At the same time, the adiabatic condition of Berry's phase phenomena can be removed. 5 ' 6 
Moreover, one observes that the Berry factor is a Standard ingredient in evolution of quan- 
tum systems with classical time-dependent parameters. 7 ' 8 Here, we provide complete geo- 
mètric quantization of a mechanical system depending on parameters, without adiabatic 
assumption. 

The configuration space of such a system is a composite fiber bundle 

Q^S^R, (1) 
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where R is the time axis and E —> R is a fiber bundle whose sections are parameter 
functions. 7 " 9 The configuration space ([T]) is coordinated by (t,a x ,q k ), where (t, a x ) are 
bundle coordinates on E — > R and í is a fixed Cartesian coordinate on R. The corresponding 
momentum phase space is the vertical cotangent bundle V*Q of Q — > E equipped with 
holonomic coordinates (t,a x ,q k ,pk)- It is provided with the following canonical Poisson 
structure. Let T*Q be the cotangent bundle of Q endowed with the canonical symplectic 
form Í7y and the associated Poisson bracket {, }t- Given the canonical fibration 

C : T*Q -> ^*Q, (2) 

the Poisson bracket {,}y on the R-ring C°°(V*(3) of smooth real functions on V*Q is 
defined by the relation 

CU f}v = {Cf, Cfh, (3) 

{/, f'h = d h fd k f - d k fd h f, f, f e C™{V*Q). (4) 

Its characteristic symplectic foliation coincides with the fibration 

ttve : V*Q -> E. (5) 

One can think of its fiber V^*Q = T*Q a , a G S, as being the momentum phase space of a 
mechanical system under fixed vàlues of parameters and at a given instant of time. 

It seems natural to quantize the Poisson manifold (V*Q, {, }y) in accordance with the 
well-known geomètric quantization procedure, 10,11 but then one faces the problem that the 
mean vàlues of quantum operators are defined via integration over the whole momentum 
phase space V*Q, including integration over classical parameters. At the same time, quan- 
tization of a system with classical parameters should necessarily imply its quantization 
under fixed vàlues of parameters. Its genèric carrier space is a Hilbert module of sections 
of a smooth Hilbert bundle over the parameter space S, 7,8 i.e., a locally-trivial smooth 
field of Hilbert spaces on E in the terminology of Ref. [12]. In particular, the instantwise 
quantization of nonrelativistic time-dependent mechanics (where E = R) is of this type. 13,14 
However, geomètric quantization of a Poisson manifold need not yield quantization of its 
symplectic leaves. 15 

To dispose of these problems, we will apply to V*Q — > E the technique of leafwise 
geomètric quantization of symplectic foliations. 16 There is one-to-one correspondence be- 
tween Poisson structures on a smooth manifold and its symplectic foliations. The quantum 
àlgebra of a symplectic foliation is a particular quantum àlgebra of the associated Poisson 
manifold such that its restriction to each symplectic leaf is defined and quantized. We 
choose the canonical real polarization of V*Q — > E which is the vertical tangent bundle 
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VV*Q of the fiber bundle V*Q — > Q. The corresponding quantum àlgebra Ap consists of 
functions on V*Q which are affine in mo menta p k - It is represented by Schròdinger op- 
erators in the pre-Hilbert C°°(S) module Eq of fiberwise complex half-forms on the fiber 
bundle Q — > E whose restriction to each fiber is of compact support. This representation 
is naturally extended to the enveloping àlgebra Ar of polynomial functions in momenta. 

We show that a Hamiltonian of a quantum system with classical parameters is affine in 
the temporal derivative d t x X of parameter functions x A , namely, 

n = -i(\ k x d k + \d k ^)d tX x + n'(x), 

where are components of a connection on the fiber bundle Q — > E. The key point 
is that integration of the first term of this Hamiltonian over time through a parameter 
function x(t) depends only on a trajectory of this function in a parameters space, but not on 
parametrization of this trajectory by time (i.e., the adiabatic assumption is not necessary). 
As a consequence, this term is responsible for the geomètric Berry factor phenomena. It 
plays the role of a control operator in holonomic quantum computation. 

II. THE LEAFWISE DIFFERENTIAL CALCULUS 

Geomètric quantization of symplectic foliations is phrased in terms of the leafwise dif- 
ferential calculus on a foliated manifold. Manifolds throughout are assumed to be smooth, 
Hausdorff, second-countable (i.e., paracompact), and connected. 

Recali that a (regular) foliation T of a manifold Z consists of (maximal) integral mani- 
folds of an involutive distribution i r : TT — > TZ on Z. A foliated manifold (Z, T) admits 
an adapted coordinate atlas 

{(Uç; z x ; z 1 )}, À = 1, . . . , codimjF, i — 1, . . . , dim J 7 , (6) 

such that transition functions of coordinates z x are independent of the remaining coordi- 
nates z l and, for each leaf F G J-, the connected components of F fi are given by the 
equations z x =const. These connected components and coordinates (z l ) on them make up 
a coordinate atlas of a leaf F. 

The real Lie àlgebra T\{T) of global sections of the distribution TT — > Z is a C co (Z)- 
submodule of the derivation module of the R-ring C co (Z) of smooth real functions on Z. 
Its kernel S^(Z) C C°°(Z) consists of functions constant on leaves of T . Therefore, %.{J-) 
is the Lie Sy(Z)-algebra of derivations of C°°(Z), regarded as a Sy(Z)-ring. Then one can 
introduce the leafwise differential calculus 17 as the Chevalley-Eilenberg differential calculus 
over the Sjr(Z)-rmg C°°(Z). It is a subcomplex 

-> S T {Z) -^C°°(Z) -^^(Z) ^£ dim ^(Z) -> (7) 
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of the Chevalley-Eilenberg complex of the Lie Sjr(Z)-algebra ^(JF) with coefncients in 

r 

C°°(Z) which consists of C°°(Z)-multilinear skew-symmetric maps x T\{T^) — > C°°(Z), 
r = 1, . . . , dim T. These maps are global sections of exterior products A TjF* of the dual 
TT* — > Z of TT — > Z. They are called the leafwise forms on a foliated manifold (Z,T), 
and are given by the coordinate expression 

t! 

where {dz 1 } are the duals of the holonomic fiber bases {di} for TT. Then one can think of 
the Chevalley-Eilenberg coboundary operator 

dó = dz k A dk4> = A dz h A • • ■ A dz ir 

t\ 

as being the leafwise exterior differential. Accordingly, the complex (Sjr(Z),$*(Z), d) (0) is 
called the leafwise de Rham complex (or the tangential de Rham complex in the terminology 
of Ref. [17]). This is the complex (.4°'*,^/) in Ref. [18]. Its cohomology H* r (Z) is called 
the leafwise de Rham cohomology. 
Let us consider the exact sequence 

O^AnnTJ* 7 — >T*Z^TT*^0 (8) 

of vector bundles over Z. Since it is always split, the epimorphism i* T yields an epimorphism 
of the graded àlgebra 0*(Z) of exterior forms on Z to the àlgebra $*(Z) of leafwise forms. 
The relation %* T o d = d o %* T holds and, thereby, we have the cochain morphism 

Ï* T : (R, 0*(Z), d) -> (S^(Z),T(Z),d), dz x ^ 0, dz 1 ^ dz\ (9) 

of the de Rham complex of Z to the leafwise de Rham complex (0), and the corresponding 
homomorphism 

■■ H*(Z) - fl>(Z) (10) 

of the de Rham cohomology of Z to the leafwise one. 

Given a leaf ip : F — > Z of a foliation J 7 , there is the pull-back homomorphism 

(R,0*(Z),d)^(R,0*(F),d) (11) 

of the de Rham complex of Z to that of F and the corresponding homomorphism of their 
cohomology groups 

H*(Z)^H*(F). (12) 
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Proposition 1: The homomorphisms (|TTD and flïlf) factorize through the homomorphisms 
(H) and (|Ï0|) , respectively. 



Proof: It is readily observed that the pull-back bundles i* F TT and i* F TT* over F are 
isomorphic to the tangent and the cotangent bundles of F, respectively. Moreover, a direct 
computation shows that i* F (d<f)) = d(i* F (p) for any leafwise form cj). It follows that the cochain 
morphism (|TT| ) factorizes through the cochain morphism @ and the cochain morphism 



i F : (Sjr(Z),r(Z),d) -> (R,C?*(F),d), ^ i-> d**, 

of the leafwise de Rham complex of (Z, T) to the de Rham complex of F. Accordingly, the 
cohomology morphism (|T2| ) factorizes through the leafwise cohomology 

H*{Z)^H* r {Z)^H*(F). 



Turn now to symplectic foliations. Let T be of even dimension. A a?-closed non- 
degenerate leafwise two-form Qjr on a foliated manifold (Z,T) is called symplectic. Its 
pull-back i* F VLjr onto each leaf F of T is a symplectic form on F . A leafwise symplectic 
form ílf yields the bundle iso morphism 

Vt T :TT ^TT\ ítp : v i-> -ují2^(z), veT z T. 
The inverse isomorphism í)|r determines the Poisson bivector field 

iün(a,)9) = ^(^»,^(^/3)), Va,/3eT;Z, 2 e Z, (13) 
2 

on Z subordinate to A TT. The corresponding Poisson bracket reads 

{f,f}r = iïf\df, 0f\nF = -df, 0f = rtAdf), f,feC°°(Z). (14) 

Its kernel is Sj?(Z). Conversely, let (Z,w) be a (regular) Poisson manifold and T its 
characteristic foliation. Since Ann TT C T*Z is precisely the kernel of the Poisson bivector 

field w, the bundle homomorphism tu" : T*Z— >TZ factorizes in a unique fashion 

z 

•* s 
^tt . T * z _^ TJ r* -A TT TZ 

z z z 

through the bundle isomorphism 

Wjr : TT* — > TT, Wjr : a 1— > — 10(0) [cu, a G T Z T* . 
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The inverse isomorphism vr-p yields the symplectic leafwise form 

Çl T {v, v') = w(w%(v),w^(i/)), Vi-, v' G T Z T, zeZ. (15) 

The formulae (|I^) and ( |I5D establish the above-mentioned equivalence between the Poisson 
structures on a manifold Z and its symplectic foliations, but this equivalence need not be 
preserved under morphisms. 

III. PREQUANTIZATION OF SYMPLECTIC FOLIATIONS 

Prequantization of a symplectic foliation (JF, íljr) of a manifold Z provi des a represen- 
tation 

\f,?\ = -i{M%, (16) 
of the Poisson àlgebra (C°°(Z), {f, f'}^) by first order differential operators on sections 
of a complex line bundle tï : C — > Z. These operators are given by the Kostant-Souriau 
formula 

f = -iV$ f +ef, £>0, (17) 

where df is the Hamiltonian vector field (H) and is the covariant differential with 
respect to a leafwise connection onC->Z whose curvature form obeys the prequantization 
condition 

R = ieü T . (18) 

In this Section, we provide the cohomology analysis of this condition, and show that pre- 
quantization of a symplectic foliation yields prequantization of its symplectic leaves. The 
key point is that any leafwise connection comes from a connection (see Theorem |2| below). 

The inverse images n^ 1 (F) of leaves F of the foliation T of Z make up a (regular) 
foliation CV of a complex line bundle C. Given the (holomorphic) tangent bundle TC? of 
this foliation, we have the exact sequence of vector bundles 

O^VC — >TC r — >CxTF^0, (19) 

c c z 

where VC is the (holomorphic) vertical tangent bundle of C — > Z. A (linear) leafwise 
connection on the complex line bundle C — > Z is defined as a splitting of the exact sequence 
(|TTS|) which is linear over C. 

One can choose an adapted coordinate atlas {{U^; z x ; z 1 )} ([]) of a foliated manifold 
(Z, J-) such that are trivialization domains of the complex line bundle C — ► Z. Let 
(z x ;z l ;c), c G C, be the corresponding bundle coordinates on C — ► Z. They are also 
adapted coordinates on the foliated manifold (C,Cjr). With respect to these coordinates, 
a leafwise connection is represented by a TCV- valued leafwise one-form 

A J : = dz i ®(a i + A i cd c ), (20) 
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where Ai are local complex functions on C. The covariant differential on the C°°(Z)-module 
C(Z) of sections the line bundle C —>■ Z with respect to the leafwise connection fl20|) reads 

V 3= s = ds-A i sdj. seC(Z). 

The exact sequence (^9j) is obviously a subsequence of the exact sequence 



-> VC — > TC — > C x TZ -> 0, 

c c z 

where TC is the holomorphic tangent bundle of C. Consequently, any connection 

r = dz x <g> (<9 A + r AC <9 c ) + «fe* ® + r iC <9 c ) (21) 

on a complex line bundle C — > Z yields a leafwise connection 

rv = d/® (^ + ric9 c ). (22) 

Theorem 2: Any leafwise connection on a complex line bundle C — > Z comes from a 
connection on it. 

Proof: Let Ajr (|2Ü|) be a leafwise connection on C -> Z and IV ([22"D a leafwise connection 
which comes from some connection T ( 2Ï|) on C -> Z. Their affine difference over C is a 



section 

Q = A T - Y T = dz l <g> (A - r<)c9 c 

of the vector bundle TT* ® VC — > C. Given some splitting 

c 

B-.dz 1 ^ dz l - B\dz x 
of the exact sequence (§), the composition 

(B ®Id vc )oQ = (dz i - B\dz x ) <g> {Ai - Yi)cd c : C -> T*Z ® FC 

c 

is a soldering form on the complex line bundle C — > Z. Then 

r + {b ® id yc) o Q = dz x ® (a A + [r A - £ A (A - r*)]^) + ^ ® + A lC d c ) 

is a desired connection on C — > Z which yields the leafwise connection A? (f2Ü|). 

The curvature of the leafwise connection Ajr fl2Ü|) is defined as a C°°(Z)-linear endo- 



morphism 

R(r, t') = VfL,, - [Vf , V£] = rV'iitf, % = ^A,- - d,A t 



of C(Z) for any vector fields r,r' G T\[T\ It is represented by the complex leafwise 
two-form 

R = -Rijdz* A dz j . (23) 

If a leafwise connection Ajr comes from a connection A, its curvature form R ( p3|) is the 
image R = i*pR of the curvature form R of A with respect to the morphism i*-p (|9]). 
Let us return to the prequantization condition flTBp. 

Lemma 3: Let us assume that there is a leafwise connection IV on a complex line bundle 
C — > Z which fulflls the prequantization condition (|Ï8|) . Then, for any Hermitian mètric g 
on C — > Z, there exists a leafwise connection A^r on C — > Z which: (i) satisfies the condition 
(0), (ü) preserves g, and (iii) comes from a [/(l)-principal connection on C — > Z. 

Proof: For any Hermitian mètric g on C ^ Z, there exists an associated bundle atlas 
= {(^ A ; z\c)} of C with £/(l)-valued transition functions such that 

g(c,c') = cc'. (24) 

Let the above mentioned leafwise connection IV come from a linear connection T ( |2Ï| ) on 
C —>■ Z written with respect to the atlas The connection T is split into the sum A 9 + 7 
where, 

A s = dz A <g> (9 A + Im(r A )c<9 c ) + dz i ® (9< + ImQ^cdc) (25) 

is a ?7(l)-principal connection, preserving the Hermitian mètric g. The curvature forms 
R of T and R 9 of obey the relation R 9 = lm(R). The connection A 9 fl25|) defines the 
leafwise connection 

Afr- = i* T A 9 = dz { ® + i c<9 c ) , z'Af = Im(ri) , (26) 

preserving the Hermitian mètric g fl24l) . Its curvature fulfils the desired relation 

^3 = = lm(i*j,R) = ieü T . (27) 

Since A 9 (|25| ) is a [/(l)-principal connection, its curvature form R 9 is related to the first 
Chern form of integer de Rham cohomology class by the formula C\ = i(2n)^ 1 R 9 . If the 
prequantization condition (|T8|) holds, the relation shows that the leafwise cohomology 
class of the leafwise form (27r) _1 £ÍV is the image of an integer de Rham cohomology class 
with respect to the cohomology morphism [ijr] (|Ï0|) . Conversely, if a leafwise symplectic 
form íljr on a foliated manifold (Z, JF) is of this type, there exists a complex line bundle 



8 



C — > Z and a Í7(l)-principal connection A on C — > Z such that the leafwise connection 
i^^4 fulfils the relation fll8|) . Thus, we have stated the following. 

Proposition 4 : A symplectic foliation (JF, of a manifold Z admits prequantization 
(|I7|) iff the leafwise cohomology class of (2n)~ 1 eíl?r is the image of an integer de Rham 
cohomology class of Z. 

The leafwise connection A 9 ^ in Lemma |] by no means is unique. Let <p — 4>idz l be a 
closed leafwise one-form. Then the connection 

Af = dz' <g> (di + i(A? + <f>i)cd e ) 

also obeys the prequantization condition fl23|) and preserves the Hermitian mètric (|24}) . 

Let F be a leaf of a symplectic foliation (JF, fi^r) provided with the symplectic form 
ílp = i* F íljr. In accordance with Proposition [I], the symplectic form (27r) _1 ef2^ belongs to 
an integer de Rham cohomology class if a leafwise symplectic form VLp fulfils the condition of 
Proposition [|. Thus, if a symplectic foliation admits prequantization, its symplectic leaves 
do as well. The corresponding prequantization bundle for F is the pull-back complex line 
bundle í* F C, coordinated by (z\c). Furthermore, let A 9 T (p6|) be a leafwise connection on 
the prequantization bundle C —>■ Z which obeys Lemma ^|, i.e., comes from a [/(l)-principal 
connection A 9 on C — > Z. Then the pull-back 

A F = i* F A 9 = dz l <g> {di + u F (A 9 )cd c ) (28) 

of the connection A 9 onto i* F C — > F satisfies the prequantization condition 

Rf = ipR = ieflp, 

and preserves the pull-back Hermitian mètric i* F g on i* T C — > F. 

IV. QUANTIZATION OF SYMPLECTIC FOLIATIONS 

The next step is polarization of a symplectic foliation (JF, Í7jr) of a manifold Z. It is 
defined as a maximal involutive distribution T C TT on Z such that 

Üjt{u, v) = 0, \/u,v eT z , z e Z. 

Given the Lie àlgebra T(Z) of T-subordinate vector fields on Z, the quantum àlgebra 
of (JF, Qjr) is defined as the complexified subalgebra Ar c C°°(Z) of functions / whose 
Hamiltonian vector fields df (|T^) fulfil the condition [df, T(Z)] C T(Z). This àlgebra 
obviously contains the center Sf(Z) of the Poisson àlgebra (C°°(Z), {, and is a Lie 
<Sy(Z)-algebra. 
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Let (F,Í1 F ) be a symplectic leaf of a symplectic foliation (JF, í2jf). Given a polariza- 
tion T — ► Z of (.F, í)jr), its restriction Tp = i^T C %* F TT = TF to F is an involutive 
distribution on F. It obeys the condition 



i.e., it is a polarization of the symplectic manifold (F,Q F ). Thus, polarization of a sym- 
plectic foliation defines polarization of each symplectic leaf. Clearly, the quantum àlgebra 
Af of a symplectic leaf F with respect to the polarization T F contains all functions i* F f of 
the quantum àlgebra Ap restricted to F. 

Let us note that every polarization T of a symplectic foliation (J 7 , fljr) yields polarization 
of the associated Poisson manifold (Z, {, }jr). It is the sheaf $ of germs of local functions / 
on Z whose Hamiltonian vector fields df ( O ) are subordinate to T, i.e. their Poisson bracket 
vanishes. Since the cochain morphism i* T (||]) is an epimorphism, the leafwise differential 
calculus $*{Z) is universal, i.e., the leafwise differentials df of functions / £ C°°(Z) on Z 
make up a basis for the C°°(Z)-module ^(Z). Let 3>(Z) denote the structure R-module of 
global sections of the sheaf $. Then the leafwise differentials of elements of <&(Z) make up 
a basis for the C°°(Z)-module of global sections of the codistribution Ú^T. Equivalently, 
the Hamiltonian vector fields of elements of <&(Z) constitute a basis for the C°°(Z)-module 
T(Z). One can easily show that polarization T of a symplectic foliation (JF, Q-p) and the 
corresponding polarization $ of the Poisson manifold (Z, wq) define the same quantum 
àlgebra Ap. 

Though A? coincides with the quantum àlgebra of the Poisson manifold (Z, {, }jr), we 
modify the Standard metaplectic correction technique 19,20 as follows in order to provide the 
leafwise quantization of A^} & 

Let us consider the exterior bundle ÀTjF*, m = dimjF. Its structure group GL(m, R) 
is reducible to the group GL + (m, R) since a symplectic foliation is oriented. One can 
regard this fiber bundle as being associated to a GL(m, C)-principal bundle P — ► Z. Let 
us assume that H 2 (Z; Z 2 ) = 0. Then the principal bundle P admits a two-fold covering 
principal bundle with the structure metalinear group ML(m, C). 20 As a consequence, there 
exists a complex line bundle — > Z characterized by an atlas = {(U^; z x ; z % \ c)} with 
the transition functions d = S^c such that 



One can think of its sections as being leafwise half-forms on Z. The metalinear bundle 
T>jr —>■ Z admits the canonical lift of any T-subordinate vector field r on Z. The corre- 
sponding Lie derivative of its sections reads 



i F Ç}jr(u, v) = 0, 



Vm, v £ T Fz 




L r 




(29) 
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We define the quantization bundle as the tensor product Y = C ®Vp. Given a leafwise 
connection Ap (|26|) and the Lie derivative L (p9|) , let us associate the first order differential 
operator 

/ = -*[(V£ + ief) ® Id + Id <g> L*,] = -i[V£ + ie/ + ^tf}], / G A T , (30) 

on sections p of F to each element of the quantum àlgebra Ap. A direct computation with 
respect to the local Darboux coordinates on Z shows that the operators (|30|) obey the Dirac 



condition (16) and that, if a section p fulfils the relation 

(V£ <g> Id + Id ® L^p = (V£ + -d^> = (31) 

for all T-subordinate Hamiltonian vector field then fp possesses the same property for 
any / G A T . 

Let us restrict the representation of the quantum àlgebra A^ by the operators (|30| ) to 
the subspace E G V(^) of sections p which obey the condition (|3~ID and whose restriction 
to any leaf of T is of compact support. The last condition is motivated by the following. 

Since i* F TT* = T*F, the pull-back i* F T>p of T>p onto a leaf F is a metalinear bundle 
of half-forms on F. Therefore, the pull-back i* F Y of the quantization bundle Y —>■ Z onto 
F is a quantization bundle for the symplectic manifold (F,i* F Qp). Given the pull-back 
connection Ap fl28f ) and the polarization TV = ipT, this symplectic manifold is subject to 
the Standard geomètric quantization by the first order differential operators 

/ = -i(e F V$ f + ief + ^4), / G A F , (32) 
on sections pp of i* F Y —>■ F of compact support which obey the condition 

+ \d^)pp = 

for all T^-subordinate Hamiltonian vector fields $ on F. These sections constitute a pre- 
Hilbert space Ep with respect to the Hermitian form 

\ \ m / 2 



Mp f ) = L·^J J PFp'p 



and / ( |32D are Hermitian operators in Ep. It is readily observed that i* F E C Ep and, 
moreover, the relation 

iUfp) = mw F p) 



ii 



holds for all elements / G Ar and p G E. This relation enables one to think of the 
operators / (|30|) in E as being the leafwise quantization of the <Sy(Z)-algebra Ajr by 
Hermitian operators in a pre-Hilbert S^(Z)-module. 

V. QUANTIZATION OF A MECHANICAL SYSTEM WITH PARAMETERS 

Let Q (0) be the configuration space of a mechanical system with parameters. We 
assume that H 2 (Q; Z 2 ) = H 2 (V*Q; Z 2 ) = 0. The characteristic symplectic foliation T 
of the Poisson structure (f|) on the momentum phase space V*Q is the fibration 7iys (|5|) 
endowed with the leafwise symplectic form 

£V = dp k A dq k . 

Since this form is <i-exact, its leafwise de Rham cohomology class equals zero and is the 
image of the zero de Rham cohomology class with respect to the morphism (|Ï0|). 
Then, in accordance with Proposition |J the symplectic foliation (V*Q — ► E, íljr) admits 
prequantization. 

The prequantization bundle C — > V*Q, associated to the zero Chern class, is trivial. 
Let its trivialization C = V*Q x C hold fixed, and let (t, a x , q k ,Pk, c) be the corresponding 
bundle coordinates. Unless Q is specified, we choose the leafwise connection 

A T = dp k ® d k + dq k <g> (d k + ip k cd c ) 

on C — > V*Q. This connection preserves the Hermitian mètric g 
fulfils the prequantization condition R = iílp. The corresponding prequantization operators 
(0) read 

/ = -i# f + (f- p k d k f), # f = d k fd k - d k fd k , f G C°°(V*Q). 

Let us choose the canonical vertical polarization of the symplectic foliation (V*Q — > 
E, fljr) which is the vertical tangent bundle T = VV*Q of the fiber bundle 

kvq ■■ V*Q -> Q. 

It is readily observed that the corresponding quantum àlgebra Ap C C°°(V*Q) consists of 
functions which are affine in momenta coordinates p k . Due to the linear transformation law 
of p k , this property is coordinate-independent. 

Following the quantization procedure in the previous Section, one should define a repre- 
sentation of A? in the space E of sections p of the quantization bundle C ®T>jr which obey 



24) on C, and its curvature 
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the condition ([D]) and whose restriction to each fiber of V*Q — > E is of compact support. 



The condition (j3Ïj ) reads 

d k fd k p = 0, V/er(Q), 

i.e., elements of E are constant on fibers of V*Q — > Q. Consequently, E is {0}. 

Therefore, we modify the quantization procedure as follows. Given the exterior bundle 

n 

A V*Q where n is the fiber dimension of Q — > E, let us consider the corresponding meta- 

Q 

plectic bundle Vq — > Q and the tensor product Yq = Cq ®T>q, where Cq = Q x C is the 

Q 

trivial complex line bundle over Q. It is readily observed that 



7T 



VQ 



v 

and that the Hamiltonian vector fields 

ú f = a k d k - (p r d k a r + d k b)d\ f = a k (t, a\ q r )p k + b(t, a\ q r ), 

of elements / G A?r are projectable onto Q. Then one can associate to each element / of 
the quantum àlgebra the first order differential operator 

/ = (-iV d/ + /) ® Id + Id ® L nvQ{ # f) = -ia k d k - l -3 k a k + b (33) 

in the space ti V qEq of sections of the pull-back bundle ttyqYq — > V*Q which is the pull- 
back of the space Eq of sections of Yq — > Q whose restriction to each fiber of Q — > E is of 
compact support. Since the pull-back ÍqJDq of Vq onto each fiber Q a of the fiber bundle 
Q — » E is the metaplectic bundle over the restrictions of elements of 7t V qEq to a fiber 
F = V*Q of — > E constitute a pre-Hilbert space with respect to the non-degenerate 
Hermitian form 



{^vqPqVf^vqPq)^ = / i *Q,PQ i 



The Schròdinger operators (|33|) are Hermitian operators in the pre-Hilbert C°°(E)-module 
7t V qEq, and provide a desired leafwise geomètric quantization of the symplectic foliation 
(V*Q — > E, ííjr). Furthermore, one can replace this representation with the equivalent 
representation by operators ( |3"B| ) in the pre-Hilbert module Eq of sections of Yq — > Q. 

VI. CLASSICAL EVOLUTION EQUATION 

In order to quantize the evolution equation of a time- dependent mechanical system, one 
should bear in mind that this equation is not reduced to the Poisson bracket on V*Q, but 
is expressed into the Poisson bracket {, }t on the cotangent bundle T*Q of Q. 14 ' 21 



13 



Let us start from Hamiltonian dynamics of a classical mechanical system with parame- 
ters on a configuration space Q ([[]). It is convenient to assume for a time that parameters 
are dynamic variables. The momentum phase space of such a system is the vertical cotan- 
gent bundle Vj^Q of the configuration bundle Q —>■ R provided with holonomic coordinates 
(t,a x ,q k ,p\,pk)- s ' 9 A Hamiltonian on this momentum phase space is defined as a global 
section 

h : V£Q - T*Q, poh = -H(t,a x ,q k ,p X:Pk ), (34) 

of the affine bundle 

Cr : T*Q -> VJQ, {t,a x ,q k ,p,p x , Pk ) ^ {t,a x ,q k ,p x ,p k ). 

Given the canonical Liouville form H on T*Q, every Hamiltonian /i ([34]) yields the pull-back 
Hamiltonian form 

H = h*E = p x da x + p k dq k - Hdt (35) 

on VftQ. For any Hamiltonian form H (|35D , there exists a unique vector field 7^ on V^Q 
such that 

7l·ljdí=l, ^ H \dH = 0. 

This vector field defines the first order Hamilton equations on V^Q· 7-9 ' 14 ' 21,22 Accordingly, 

lH \df = 0, feC°°(V^Q), (36) 

is the evolution equation. In order to express it into a Poisson bracket, let us consider the 
pull-back ( R H of the Hamiltonian form H = h*E onto the cotangent bundle T*Q. It is 
readily observed that the difference H — (r^E is a horizontal one-form on T*Q — > R and 
that 

W* = ftJ(2-C*/i*2))=p + W (37) 
is a function on T*Q. Then the evolution equation (^) is brought into the form 

{W*,G/}t = 0, 

adapted for quantization. 14 ' 21 

Let us return to a system where a x are parameters. Its Hamiltonian 7í is affine in 
mo menta p\, namely, 

H = p x T x + p k (A h + T x A k x ) + H A (t, <j\ g r ,p r ), (38) 
where Ha G C*C°°(^ / *<5) is the pull-back of a function on V*Q and 

a o r = dt ® (<% + r A a A + (A fc + r A A*)<9 fc ) 
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is a connection on Q — > R which is the composition of a connection 

r = dt ® (<% + r A a A ) (39) 

on the parameter bundle £ — > R and a connection 

A = dt ® (<9 t + A fe <9 fc ) + cfcr A <g> (9 A + A^) (40) 
on Q — > £. 7 ~ 9 Note that the second term of the connection (flO| ) provi des the lift 

r x d x ^r\d x + A k x d k ) 

onto Q of vertical vector fields on the parameter bundle £ — > R. It plays the role of a 
control operator in holonomic quantum computation. If a parameter function % : R — > £ 
is given, the connection F ( |39"D on £ — ► R is determined in such a way that 

V r X = 0, T\t, X "(t))=d tX X . (41) 

It is readily observed that, if a Hamiltonian 7í is affine in momenta p x and if / is a 
function on V*Q, then the bracket {H*, Ç*f}r, where Ç is the fibration (||), is the pull-back 
of a function on V*Q. It provides a derivation of the R-ring C°°(V*Q). Therefore, one can 
think of the equality 

{H*,Çf} T = 0, feC°°(V*Q), (42) 
as being a classical evolution equation on C°°{V*Q). 

VII. QUANTUM EVOLUTION EQUATION 

In order to quantize the evolution equation (|42|), one should quantize the Poisson ma- 
nifold (T*Q, {, }t) so that its quantum àlgebra At contains ÇA?. Let $ be polarization 
of the Poisson manifold (V*Q, {, }y) which determines Ap. Then, by virtue of the rela- 
tion (^), C*$ is a polarization of (T*Q, {, }y). Clearly, A? is a subalgebra of the quantum 
àlgebra At of T*Q determined by this polarization. The quantum àlgebra At consists of 
functions on T*Q which are affine in momenta p,P\,Pk- Let us restrict our consideration 
to its subalgebra A' T of functions 

/ = a (t, a^p + a\t, a»)p x + a k (t, a", q r )p k + b(t, a\ q r ), 

where a and a x are the pull-back onto T*Q of functions on the parameter space S. Using 
transformation laws of momenta p, p\ and p k , one can justify that this notion is coordinate- 
independent. Of course, Ap C A' T . Moreover, A' T admits a representation by the Hermitian 
operators 

/ = -i(ad t + a x d x + a k d k ) - % -d k a k + b 
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in the same pre-Hilbert C°°(£)-module Eq as the representat ion (]33| ) of Ap. Then, if 
H* G A' T , the evolution equation (|42|) is quantized as the Heisenberg equation 



i[H*,j) = 0, feAf. (43) 

The problem is that the function TC* (p7|) fails to belong to the àlgebra A^, unless the 
Hamiltonian function TCa (|38| ) is affine in momenta pk- Let us assume that Tí\ is polynomial 
in momenta. This is the case of almost all physically relevant models. 

Lemma 5: Any smooth function / on V*Q which is a polynomial of momenta pk is decom- 
posed in a finite sum of products of elements of the àlgebra Ap. 

Proof: A polynomial / is a sum of homogeneous polynomials of fixed degree in momenta. 
Therefore, it suffices to prové the statement for an arbitrary homogeneous polynomial / of 
degree n > 1 on V*Q. We use the fact that the vertical cotangent bundle V*Q — > Q admits 
a finite bundle atlas. 23 Let {Uç}, £ = 1, . . . ,r, be the corresponding open cover of Q and 
{<Pç} a smooth partition of unity subordinate to this cover. Put 

1 É = ÍPíte? + • ■ ■ + )" 1/B . 

It is readily observed that {l^} is also a partition of unity subordinate to {Uç}. Let us 
consider the polynomials 

ft = f\u ( = J2 o* 1 '"* n •••Pk ni q^Uç- 

(ki...k n ) 

Then we obtain a desired decomposition 

/ = E^/€ = E E [k4 1 --- kn p^MíPk 2 \···[kPk n \, (44) 

e ç (fci...fc„) 

where all terms Içciç 1 '" n pkx and Içp^ are smooth functions on V*Q. 

By virtue of Lemma [5], one can associate to a polynomial Hamiltonian function Tix an 
element of the enveloping àlgebra At of the Lie àlgebra At- Accordingly, H* is represented 
by an element of the enveloping àlgebra A T of the Lie àlgebra A' T . Then the Schròdinger 
representation of the Lie algebras A' T and Ap is naturally extended to their enveloping 
algebras A' T and A? that provi des quantization of TC*. 

Of course, the decomposition fl44|) by no means is unique. An ambiguity of the op- 
erator representation of a classical Hamiltonian that does not preserve a polarization is 
a well-known technical problem of Schròdinger quantization as like as of any geomètric 
quantization scheme. 13,14 



16 



Given an operator TC*, the bracket 



V/ = i[W,/) 

defines a derivation of the quantum àlgebra Ap. Since p — —id t , the derivation 
the Leibniz rule 

V(r/) = d t rf + rV/, r G C°°(R). 



(45) 
obeys 



Therefore, it is a connection on the C°°(R)-algebra Ap, which enables one to treat quantum 
evolution of A? as a parallel transport along time. 7 ' 8 ' 14 In particular, / is parallel with 
respect to the connection (45) if it obeys the Heisenberg equation fl43|) . Given a trivialization 



Q = Rx M 
and the corresponding (global) decomposition 

H* = -idt + % 

we can introduce the evolution operator U which obeys the equation 

H* o U = -iU o d u 
and can be written as the formal time-ordered exponent 



(46) 



U = Texp 



-i f Hdt' 



One can think of U as being an operator of the parallel displacement in the C°°(R)-module 
Eq with respect to the connection 

Vp Q = iH*p Q , p Q e E Q . 

Now let us consider a mechanical system depending on a given parameter function 
X '■ R — > S. Its configuration space is the pull-back bundle Q x = X*Q over R which is a 
subbundle z x : Q x — >■ Q of the fiber bundle Q — > R. The corresponding momentum phase 
space is the pull-back bundle i^V*Q, isomorphic to the vertical cotangent bundle V*Q X of 
Q x — > R. The pull-back of the Hamiltonian form (|35|) onto V*Q X , where the connection 



T obeys the relation (|41]), reads 



H x = Pk (A k (t, X "(t), q r ) + A k x (t, X^t) A r )d t x X ) + H A (t, x^t), q r ,p r ). 
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It characterizes the dynamics of a mechanical system with a given parameter function x- 79 
In order to quantize this system, let us consider the pull-back bundle V x = %*^Dq over Q x 
and its pull-back sections p x = í x Pq, Pq G Eq. It is easily justified that these are leafwise 
half-forms on the fiber bundle Q x —>■ R whose restrictions to each fiber i t : Q t — > Q x are of 
compact support. These sections constitute a pre-Hilbert C°°(R)-module E x with respect 
to the Hermitian forms 



(itPxlitfQ* = I i tPx i tP' x - 



Then the pull-back operators 
(x*f)Px = (fp)x> 

X*f = ^a k (t,x\t),q r )d k - l -d k a k (t, X "(t),q r ) + 6(í, x^í), ? r ), 
in E x provide the representation of the pull-back functions 



i x f = a k (t,x\t) 1 q r ) Pk + b(t 1 x\t),q r ), 



feA 



on V*Q X . Accordingly, the quantum operator 7í* = p + 7í x coincides with pull-back 
operator x*^-* ■ Then the Heisenberg equation of a quantum system with a parameter 
function x takes the form 

i[n* x , x *?\ = o, 

and the corresponding evolution operator reads 



U = Texp 



-i I H x dt' 



(47) 



The key point is that the Hamiltonian Tí x in the evolution operator U ( f4T|) is affine in 
the derivatives dtX X , namely, 



n x = -i(A k x d k + l -d k K k x )d tX x + w. 



{Ai 



Its first term is responsible for the geomètric Berry factor phenomena as follows, while H! 
can be regarded as a dynamic Hamiltonian of a quantum system. 

Bearing in mind possible applications to holonomic quantum computations, let us sim- 
plify the quantum system in question. Given a trivialization ( f46[ ) of a configuration bundle 
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Q, we have the corresponding trivialization of the parameter bundle E = Rx5 such that 
the fibration Q —>■ £ reads 

where tim '■ M — > S is a fiber bundle. Note that, from the physical viewpoint, a trivializa- 
tion ( fl6|) provides a reference frame in nonrelativistic mechanics. 9 ' 22 Let us suppose that 
there exists a reference frame such that the components of the connection A ( fïÜD are 
independent of time. Then one can regard the second term in this connection as a connec- 
tion on the fiber bundle M — > S. It also follows that the first term in the Hamiltonian ( fï"8"D 
depends on time only through parameter functions X A (í). Furthermore, let the two terms 
in the Hamiltonian fl48|) mutually commute on [0, t] . Then the evolution operator U 
takes the form 



U = Texp 



x([o,*]) 



(A% + \d k K\)da x 





í 


o Texp 


-i í n'dt' 








One can think of the first factor in this evolution operator as being the parallel displacement 
operator along the curve x([0, í]) C S with respect to the connection 



V A p Q = (d x + A k x d k 



-d k K\) PQ da\ 



Pq e E Q 



on the C°°(5')-module Eq. Its peculiarity in comparison with the remaining one lies in 
the fact that integration over time through a parameter function %(£) depends only on 
a trajectory of this function in a parameter space, but not on parametrization of this 
trajectory by time. Therefore, one can think of it as being a geomètric factor. 
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